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Abstract 
  The scale invariant of the effective potential of the standard model at 
two-loop is used as a boundary condition under the assumption that the 
two-loop effective potential approximates the full effective potential. This 
condition leads with the help of the renormalization group functions of 
the model at two-loop to an algebraic equation of the scalar self coupling 
with coefficients that depend on the gauge and the top quark couplings. It 
admits only two real positive solutions. One of them, in the absence of 
the gauge and top quark couplings, corresponds to the non-perturbative 
ultraviolet fixed point of the scalar renormalization group function and 
the other corresponds to the perturbative infrared fixed point. The 
dependence of the scalar coupling on the top quark and the strong 
couplings at two-loop radiative corrections is analyzed. 
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  The standard model requires, through Higgs mechanism [1], the 
existence of neutral scalar Higgs boson that survives after spontaneous 
breakdown of the electroweak symmetry. In this mechanism the weak 
gauge bosons and the charged fermions as well as the scalar Higgs itself 
acquire their masses from the asymmetry of the vacuum [2]. At tree level 
the scalar Higgs boson self-coupling (𝜆), and thus the Higgs boson mass 
(mH), is a free parameter of the model and its determination self-
consistently poses a challenging problem. Many efforts, theoretically and 
experimentally, have been devoted to it. 
   One of the primary goals of LHC is to search for the standard model 
Higgs boson. Recent high energy experiments excluded the region mH ≤ 
114.4 GeV [3] and electro-weak precession data excluded the region 160 
GeV < mH < 170 GeV [4]. The region 114.4GeV < mH < 160GeV is a 
favored one, while the region mH > 180 GeV, though disfavored, is not 
ruled out. The current fits lead to130 GeV < mH  < 260 GeV [5]. Recently 
the global fit obtained by the Gfitter Group showed that, the 95% CL 
allowed range for the complete fit (including the direct searches) is 
[114,153] GeV,  and above this range only the values between 180 GeV 
and 224 GeV are not yet excluded at 3 standard deviations or more [6]. 
  Several papers have presented upper bounds based on avoiding triviality 
of pure 𝜑4-theory [7], lower bounds on the bases of vacuum stability [8], 
and constraints based on some theoretical assumptions. The requirement, 
for example, that the coefficient of the quadratic divergent term of the 
square of the scalar Higgs boson mass at one-loop is equal zero leads to 
the well-known Veltman condition [9], the assumption that the one-loop 
effective potential effectively represents the full effective potential leads 
to an algebraic equation that fixes, in the absence of fermion 
contributions, the scalar self-coupling [10], and from the assumption that 
the ratio of the scalar coupling to the square of the top quark coupling is 
scale invariant  allows to fix the Higgs boson mass at one and two-
loop[11]. 
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 the two-loop renormalization group function 𝛽𝜆 for pure 𝜑
4
-theory is 
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This equation admits two constant solutions:  the perturbative infrared 
fixed point 𝜆=0, and the nonperturbative ultraviolet fixed point 𝜆UV=72.9. 
It is expected, similar to the one loop case [13], that the perturbative fixed 
point is removed in the presence of interactions with gauges and fermions 
while the nonperturbative one persists [14,15]. We show that this is the 
case, under the assumption that the two-loop effective potential 
approximates the full effective potential. This assumption leads to an 
algebraic equation that fixes the scalar self coupling in the perturbative 
region. The ultraviolet fixed point, where perturbation expansion breaks 
down [14, 15], is shown to occur in the region where all other couplings, 
but the scalar coupling, are neglected in comparison. 
   The full effective potential 𝑉(𝜑(t)), which is constructed from the one-
particle-irreducible Green's functions at zero external momenta [16], 
satisfies, in the mass-independent scheme of Weinberg-t'Hooft [17], the 
renormalization group equation d𝑉(𝜑(t))/dt=D𝑉(𝜑)=0, where D is a first 
order partial differential operator that depends on the renormalization 
group functions of the model and t is an arbitrary running parameter 
related to the renormalization scale µ (t=ln(µ/µ(0)). This equation is just a 
statement that 𝑉 is scale invariant 𝑉(𝜑(t))=𝑉(𝜑(0)) [16]. When 
perturbative expansion to a given order is employed to V one may take 
this scale invariance as a boundary condition for the solution of the first 
order partial differential equation. In the present work we use this 
boundary condition at two-loop to obtain a relation that fixes the scalar 
coupling in terms of the gauge and top quark couplings. This relation 
expresses the validity of the scale invariant of the two-loop effective 
potential. 
  This paper is organized as follows; in the following section we calculate 
the effective potential at two loop approximation using the 
renormalization group equation in the mass independent subtraction 
scheme. In section. III we impose the scale invariance on the two-loop 
effective potential that allows to obtain a condition that expresses the 
validity of the scale invariant at two-loop, which depends on the 
renormalization group functions at two-loop. This condition leads to an 
algebraic equation of degree five in 𝜆, which has only one perturbative 
real positive solution, and one nonperturbative real positive solution. In 
section. IV the perturbative solution is used to estimate the mass of the 
Higgs boson at one and two loop approximation, the dependence of the 
Higgs boson mass on the strong interaction coupling 𝛼S and the top quark 
mass mt is discussed, in this section we apply the matching condition to 
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estimate the physical mass of the Higgs boson. Finally in section. V we 
give our conclusion. 
 
II. Calculation of the effective potential at two-loop 
   In the mass-independent subtraction scheme of Weinberg-t'Hooft, the 
scale invariance of the full effective potential of a renormalizable 
quantum field theory leads, under infinitesimal transformation, to the 
renormalization group equation (RGE) of the effective potential [17]: 









 𝑉𝑒𝑓𝑓  𝜑𝑐 = 0,                                         (3) 
where 𝜇  is a renormalization mass parameter and 𝛾 is the anomalous 
dimension, λp=(m²,λ,𝑔, 𝑔´, 𝑔3, 𝑔t) , 𝑔 ,𝑔´ , 𝑔3 are the SU(2) , the U(1), and 
the SU(3) gauge couplings respectively, 𝑔t is the top quark coupling and 
δp equals m² for mass coupling and 1 otherwise, and 𝛽p is the 








In the loop expansion, the effective potential is given by [14]: 
𝑉𝑒𝑓𝑓 = 𝑉
(0) +  ħ(𝑛)𝑉(𝑛)𝑛=1   ,                                                                    (4) 
following the procedure of ref. [18], we can write the following recursion 






(1) + ⋯+ 𝐷1𝑉
(𝑛−1) = 0,                          (5) 







,      𝑛 = 1,2,3,…                                       (6)                               
and 𝑉(n) is the n-loop contribution to 𝑉, and 𝛽𝑝
(𝑛)
 is the n-loop 
contribution to the renormalization group function:  
 𝛽𝑝 =  ħ
(𝑛)𝛽𝑝
(𝑛)
𝑛=1 .                                                                               (7)    
To find the one-loop effective potential we use eqs. (5), (6), (7) and the 








 , 𝑤𝑕𝑒𝑟𝑒   𝑎1 = 𝛽𝜆
(1)
+ 4𝛾(1) 𝜆,                          (8) 
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𝑤𝑕𝑒𝑟𝑒   𝑎 = 𝑎1𝛾
 1 + 𝑎2 , 𝑤𝑖𝑡𝑕   𝑎2 = 𝛽𝜆
(2)
+ 4𝛾(2)𝜆 ,                        (9)   






𝛾(1) + 16 𝜆 (𝛾(1))2 + 𝐺,                          (10)    
with  
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Therefore, the full effective potential approximated to two-loop effective 
potential becomes: 
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The renormalization group functions used in this work are [12]: 
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2)) ,                                                                                                             
and  𝑘 = 16𝜋2.                                                                                      (15) 
                                            
III. A condition from the scale invariance at two-loop 
    As stated in the introduction, when a perturbative expansion of the 
effective potential to a given order is employed, the boundary condition    
𝑉(𝜑(t),𝜆p (t),𝜇(t))=𝑉(𝜑, 𝜆p,𝜇) ,                                                          (16) 
where   𝜑(t) = z𝜑, 𝜇(t)=et 𝜇 leads to a restriction on the  coupling 
constants that expresses the validity of this scale invariant to this order. 
Employing these transformations in the 2-loop effective potential (12), 
we obtain the following conditions: 
𝐴1 𝑡 𝑧
4 + 4𝐴2 𝑡 𝑧
4 ln  
𝑧
𝑒 𝑡
 = 𝐴1 0  ,                                              (17) 
and                                                 
 𝐴2 𝑡 𝑧
4 = 𝐴2(0) .                                                                             (18)  






 ,                                                                                            (19) 
 we obtain the following relation: 
 
𝑑  𝐴1  
dt
+ 4𝐴1𝛾 + 4𝐴2(𝛾 − 1) = 0 , at   t=0.                                        (20) 
Substituting 𝐴1 and 𝐴2 from eqs. (13), (14) and using eqs. (9), (10), (11) 
we finally obtain: 
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+ 4𝛾 1  𝛽𝜆
 1 
+ 4𝛾 1 𝜆 + 𝐺 +
4 𝛾 1 + 𝛾 2    1+𝛾 1   𝛽𝜆
(1)
+ 4𝛾(1)𝜆 +  𝛽𝜆
(2)
+ 4𝛾(2)𝜆  +
𝑑
𝑑𝑡
  1+𝛾 1   𝛽𝜆
 1 
+ 4𝛾 1 𝜆 +  𝛽𝜆
 2 
+ 4𝛾 2 𝜆  = 0 ,                     (21) 
where G is as given in eq.(11). 
Substituting eq. (11) and the one and two-loop renormalization group 
functions from eq. (15) into eq. (21), and after simplifying, we obtain an 




2 + 𝐶4𝜆 + 𝐶5 = 0 ,                                        (22) 
where  Cn (n=1,2,..,5) are functions in the couplings 𝑔´, 𝑔, 𝑔3, 𝑔t, and the 
explicit expressions of them are given in the appendix.  
IV. The Higgs boson mass 
  In the absence of the couplings 𝑔, 𝑔´, 𝑔3, and 𝑔t , eq.(22) has only two 
solutions, one of them corresponds to the ultraviolet fixed point solution 
𝜆UV=72.9, in which the perturbative expansion breaks down, and the other 
is the infrared fixed point solution 𝜆=0. This result can be taken as a 
check of the validity of the scale invariant of the effective potential at 
two-loop corrections. In the presence of these couplings the non-
perturbative solution continues and we are left with only one real positive 
perturbative solution which we use it to analyze the dependence of the 
scalar coupling for a range of values of 𝑔3 and 𝑔t. 








− 𝑔2 ,   𝑔𝑡 =  2
𝑚 𝑡
𝑣
 , with  𝑣=246.2 GeV 
MZ = 91.19 GeV, MW = 80 GeV,                                                                  
´𝑔 (MZ)=0.35554 , 𝑔(MZ)=0.64988. 
We take the mass of the top quark in the range  160 GeV≤ mt ≤176 GeV, 
and the strong coupling 𝛼S in the range  0.1073 ≤ 𝛼S ≤ 0.1202  [19] . 
In table. I we present our results for the scalar Higgs coupling in the 
above ranges of mt, and  αS .                               





⃒𝜑=𝑣 ,                                                                                (23) 
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where 𝑣 is the vacuum  expectation value which has the expansion up to 
two-loop:   
𝑣 =𝑣0+ħ𝑣 
(1) 
+ħ2𝑣 (2) ,                                                                            (24)        
 and satisfies 
𝑑𝑉
𝑑𝜑
⃒𝜑=𝑣 = 0 .                                                                                      (25) 






2,                                                                                    (26) 
where   𝑣0=246.2 GeV, 
















2,                                           (27) 
 where 𝑣1=𝑣0+ħ𝑣 
(1)
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2 ,      (28) 
where  𝑣2=𝑣1+ħ
2𝑣 (2). 
  A comparison between the tree level potential and two loop effective 
potential for 𝛼S=0.1161, mt=171 GeV is shown in Fig.1, while for 
𝛼S=0.118, mt=171 GeV is shown in Fig. 2. Here it should be noted that all 
other figures with different values of 𝛼S and mt show similar trends. As 
can be inferred from these figures the two-loop contribution to the 
effective potential almost cancels the one-loop contribution in the region 
in between the positions of the two minima of the potential and as a result 
the position of the vacuum is slightly shifted (by less than one 
percent)[20]. For each of the obtained value of the scalar coupling the 
positivity of the effective potential at two-loop is checked from the 
condition 𝑉(𝜑)> 0, for |𝜑|> 𝜑*, where 𝜑* is the non trivial positive 
solution of 𝑉(𝜑*)=0. 
 When the perturbative real positive  solutions of eq.(22)  is substituted in 
the tree-level eq.(26), one-loop eq.(27) and the two- loop eq.(28) we find 
the mass of the Higgs boson at MZ to be : 
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224.56 GeV ≤ mH-tree ≤ 236.85 GeV, 
219.62 GeV ≤ mH-11oop ≤ 236.03 GeV, 
222.92 GeV ≤ mH-21oop ≤ 238.95 GeV. 
 The dependence of mH-11oop and mH-21oop on the top quark mass and the 
strong coupling 𝛼S is shown in the Fig. 3, which is in a qualitative 
agreement  with  ref .[14] ( see Fig. 3a ) and ref.[21]( see Fig. 3) in the 
region considered.  
 Using the matching conditions, the initial value mH(MZ) is related to the 
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2   and 𝑓1(𝜉,M), 𝑓0(𝜉,M), 𝑓-1(𝜉,M) are given in the appendix. 
Inserting the input parameters, we find that the physical mass of the 
Higgs boson: 221.9 GeV ≤ MH ≤ 240.1 GeV. This result is in the 
expected range of the recent global fit to all precision electroweak data 
[5,6]. Now we compare our result with some results of other authors 
employing different approaches. In ref.[23] a value of about 218 GeV for 
the Higgs boson mass (mH)is obtained from using renormalization-group 
methods to include all leading-logarithm contributions to the effective 
potential, and in ref.[24] a value of  mH = 221 GeV from consideration of 
scalar-field theory projection of the effective potential. In ref.[25] using 
the renormalization group improved effective potential and  results from 
ref.[26] they obtained an upper bound of  mH around 196 GeV. In ref.[27] 
from their estimate of the top quark mass using Goldberger- Teller 
relation and Veltman  condition they found mH around 317 GeV. The 
assumption made in ref. [28] that the scalar coupling equals the top quark 
coupling led to a value of mH around 348 GeV. Finally, an estimated 
value of mH=700 GeV has been obtained in ref. [29] from the assumption 








  In this paper we have used the scale invariant of the effective potential 
at two-loop as a boundary condition .This condition which expresses the 
validity of the scale invariant of effective potential at two-loop, results in 
an algebraic equation of degree five. In the physical ranges of the top 
quark mass and the strong gauge coupling it admits only two real positive 
solutions. In the absence of the gauge and the top quark couplings one of 
these two solutions corresponds to the ultraviolet fixed point of the scalar 
renormalization group function, where perturbation theory breaks down, 
and the other one lies in the perturbative regime. Our findings support, in 
general, several other works. Of these , the two-loop contribution almost 
cancels the contribution of the one-loop contribution in the region 
between the minima of the potential and thus the  vacuum expectation 
value of the scalar Higgs boson is slightly shifted by renormalization at 
one- loop and two-loop quantum corrections. The other finding is that the 
variation of the Higgs boson mass as a function of the top quark mass 
initially decreases in the region considered. Finally we have made a 


















TABLE. I. Values of the scalar coupling 𝜆 obtained from eq(22), for different values 
of the top quark mass mt (GeV) and the strong coupling 𝛼S , column 4 gives the Higgs 
boson mass at tree level (eq(26)),column 5 at 1-loop (eq(27)), column 6 at 2-loop 
(eq(28)),and column 7 the physical Higgs boson mass from eq(29). 
𝛼S, 𝑔3 mt(GeV) 𝜆 mH(tree) mH-1Lp mH-2Lp MH-1L 
0.1073, 
1.1612 
160 2.45170 224.56 223.93 226.56 227.16 
162 2.45764 224.83 223.60 226.30 226.71 
164 2.46305 225.08 223.21 225.98 226.20 
166 2.46793 225.30 222.77 225.62 225.64 
168 2.47224 225.50 222.27 225.20 225.02 
170 2.47597 225.67 221.70 224.72 224.33 
172 2.47910 225.81 221.08 224.18 223.59 
174 2.48159 225.92 220.38 223.58 222.77 





160 2.54599 228.83 229.14 231.88 232.71 
162 2.55308 229.15 228.88 231.70 232.32 
164 2.55966 229.45 228.56 231.46 231.87 
166 2.56571 229.72 228.20 231.18 231.38 
168 2.57121 229.96 227.77 230.84 230.82 
170 2.57615 230.19 227.29 230.45 230.21 
172 2.58052 230.38 226.75 230.00 229.54 
174 2.58428 230.55 226.15 229.49 228.81 
176 2.58741 230.69 225.48 228.92 228.01 
0.1161, 
1.20787 
160 2.60418 231.43 232.31 235.13 236.10 
162 2.61198 231.78 232.09 234.99 235.75 
164 2.61927 232.10 231.82 234.81 235.34 
166 2.62604 232.40 231.50 234.57 234.88 
168 2.63227 232.68 231.13 234.28 234.38 
170 2.63795 232.93 230.69 233.93 233.80 
172 2.64306 233.16 230.20 233.53 233.17 
174 2.64758 233.35 229.65 233.08 232.49 
176 2.65149 233.53 229.03 232.57 231.74 
0.118, 
1.21772 
160 2.63634 232.86 234.05 236.92 237.97 
162 2.64453 233.22 233.85 236.80 237.63 
164 2.65222 233.56 233.61 236.64 237.25 
166 2.65938 233.87 233.31 236.43 236.81 
168 2.66601 234.17 232.96 236.16 236.32 
170 2.67209 234.43 232.56 235.85 235.78 
172 2.67761 234.67 232.09 235.48 235.17 
174 2.68254 234.89 231.57 235.05 234.51 
176 2.68688 235.08 230.98 234.56 233.79 
0.1202, 
1.22901 
160 2.67320 234.48 236.03 238.95 240.10 
162 2.68184 234.86 235.86 238.87 239.79 
164 2.68997 235.22 235.65 238.73 239.43 
166 2.69759 235.55 235.38 238.55 239.02 
168 2.70467 235.86 235.06 238.31 238.56 
170 2.71122 236.14 234.68 238.03 238.03 
172 2.71720 236.40 234.24 237.69 237.45 
174 2.72261 236.64 233.75 237.29 236.82 
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(−1240512𝑔´4 + 148608𝑔´2𝑔2 + 1068480𝑔4 −
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4 + 4202496𝑔´2𝜋2 + 12607488𝑔2𝜋2 −
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(2997216𝑔´6 + 5102496𝑔´4𝑔2 + 3044448𝑔´2𝑔4 −
                        4057344𝑔6 + 304128𝑔´4𝑔3
2 + 746496𝑔4𝑔3
2 −
















                        451584𝑔´4𝜋2 − 12552192𝑔4𝜋2 + 9216000𝑔´2𝑔𝑡
2𝜋2 +





                        15552𝑔´2𝑔2(215𝑔𝑡




 −373968𝑔´8 − 3935808𝑔´6𝑔2 − 4327992𝑔´4𝑔4 +
               1648080𝑔´2𝑔6 + 9961704𝑔8 + 836352𝑔´6𝑔3
2 +
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4 − 1272672𝑔4𝑔𝑡
4 − 10298880𝑔´4𝑔2𝜋2 +
                12123648𝑔´2𝑔4𝜋2 + 4769280𝑔6𝜋2 − 5971968𝑔´4𝑔𝑡
2𝜋2 −















(−5217399𝑔´10 − 7881141𝑔´8𝑔2 − 8492370𝑔´6𝑔4 − 10152036𝑔´4𝑔6 −




























































10 − 54768096𝑔´8𝜋2 − 57553920𝑔´6𝑔2𝜋2 − 5095296𝑔´4𝑔4𝜋2 +



























4 + 64 64𝑔3
2 − 27𝑔𝑡
2 𝜋2))  
 












 − 𝑍  
𝑐2
𝜉









)   
𝑓0 𝜉,𝑀 = −6 ln
𝑀2
𝑀𝑍











+ 2𝑍  
1
𝜉







                        12𝑐2 ln 𝑐2 −
15
2













2 − 5]   
𝑓−1 𝜉,𝑀 = 6 ln
𝑀2
𝑀𝑍





4 − 6𝑍  
1
𝜉
 − 12𝑐4𝑍  
𝑐2
𝜉
 − 12𝑐4 ln 𝑐2 +





















𝑍 𝑧 = {
2𝐴 tan−1  
1
𝐴











  , 
 𝐴 =   1 − 4𝑧  . 
 
 
